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Overview

A finite element discretization requires
@ construct partitioning; of
@ construct basi# of Vg
©® implement of quadratic forma(-, -)
@ solve linear system (find root, evolve in time)
Need to:
@ evaluate basis function and derivatives
@ efficient evaluation in given set of points (quadrature)
©® associate basis functions with subentities (mapper)
@ interpolation or projection into discrete function space



Overview

Given: grid G with entitiesE and a small set afeference elemen®
Assumption: for each entityE there is a reference elemeatc R from a
small setR and a bijective smooth mappirieg: E — E

Fe

Values of basis functions are needed on given set of poirgs in
(can be computed at start up).



Overview

Finite element construction is basedfamilies of finite elements
(R7 VR7 AR)

where
¢ Ris from a small set ofeference elemen®
¢ VR is afinite dimensional function space
e Ar = (\) is a basis of the dual tdr
The construction now requires
@ building the primal basis, i.e., a ba#ig = (¢;); satisfying
Aj(8i) = 6 -
@ by associating each functional € Ar with a subentity (edge, face,...)
of Ra global space is build.

Goal

Use this (abstract) idea to automatically construct fielesnent spaces of
arbitrary order on arbitrary reference elememntghout coding polynomials



Why bother?

@ Basis function are often quite tedious to code, e.g., Stkerord
Raviart-Thomas on prisms.

® Want to compare different choices of functionals, i.e., saapce/r
different dual basis.

©® We often use matrix free methods (in implicit ODE solvers for
example) so the conditioning of the mass matrix is importaat
preconditioning).

@ Want construction also in higher dimension.
® We found it interesting...



Shape function sets

Construction based on dual basis or nodal varialAlgs= (;); i.e. the shape
functionsBr = (¢;); satisfy

Aj(pi) = 0 -

Idea for Construction:
Given
@ any basiBgr = (91, ..., ¥ng) Of the spac&/r
@ set of nodal variableAr = (A1, ..., A\\g)
Then the basiBr = {¢1, ..., on:} With Aj(¢i) = 6 is given by

Br= (AR)""Br, with Ag= (A (wi))ij c RNRXNR J



Shape function sets

Similar: Orthonormal basis functions:
Given
@ any basiBgr = (Y1, . ..,¥ng) Of the spacd/r

@® scalar producég(-, )
Seek orthonormal shape functioig = (¢i); W.r.t. agr, given by

Br= (AR)""Br, with ARAL=Mg:= (3R (¥, %)) -

Functionals are now given by (u) = a(u, ;).



Shape function sets

Br= (AR)"'Bgr, with Ag= (A (wi))ij € RNRXNR J

@ Description of set of reference elemefits
@® Description ofpre-basiBgr = (¢1, ..., ¥ng)
© Description ofnodal variabled\r = (A1, ..., Ang)

Finally: stable construction qfAg)~".
Example: Lagrange spaces based on Lagrange interpolafiom) = u(x")
with point set(xf’), Br is set of monomials (or bimonomials).

it v ocw Equidistant and Lobatto type point set (Luo
| rimbishfihofidsii and Pozrikidis, 2006).




Reference elements



Generic Reference Elements

Given set of reference elemerfed with R c RY, R € RY we define

d+1 _ | po d+1
R = [R,R: Re RHY} o
=

where forR € RY: pl!

1o
/‘P/» NE L~
\)VPO\ ;
OO\
Ford = 0 we set B/"
RO = {P} with P = {0} € RO. oo

o
Note: R° is the Duffy transform oR.

R = {(x2):z€0,1,xeR}
R = {x(1-2,2:z€[0,1],xeR}

Pe

Recursion also provides numbering of subentiéi@snd corresponding
mappings frone — R.



Examples
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All embeddings of higher codimension subentities respetering.




Pre Basis



Monomial Basis Function

Ansatz:we assume each base function is a polynomia variables.

Example on simplex topologys® = P, 1 = (&)°

We construct?{ of all monomials ind variables of exactly ordek:
dim. monomials

0 =1
vli=1
1 Ul =x
Ul =x2
U3=1

2 2 = {x,y}
3 = {x%,xy,y*}




Monomial Basis Function

Ansatz:we assume each base function is a polynomia variables.
Example on simplex topologys® = P, 1 = (&)°
We constructl¢ of all monomials ind variables of exactly orde:

dim. monomials recursion relation
0 =1 =1
vli=1 Wi=1
1 Ui =x V=0 x¥§=x
Tl =x2 PY=0 x¥9=0 x(x¥§) =x2
Uli=1

U3=1
2 U2 = {x,y} Ul =x :y
W2 = {3 xy,y?} Y

Ui=x2 yOl=xy y(yl}) =y?




Monomial Basis Function

Ansatz:we assume each base function is a polynomia variables.
Example on simplex topologys® = P, 1 = (&)°
We constructl¢ of all monomials ind variables of exactly orde:

dim. monomials recursion relation
0 =1 =1
vli=1 Wi=1
1 Ui =x V=0 x¥§=x
Tl =x2 PY=0 x¥9=0 x(x¥§) =x2
Uli=1

U3=1
2 U2 = {x,y} Ul =x :y
W3 = {4, xy, 2} i

Ui=x2 yOl=xy y(yl}) =y?

\IICH-]. { } ‘118
d+1 fod+1 {..} ¢ zud
‘Ifd“ {1} v§ 0] 2(z¥f)



Generic Monomials

Example on cube topologyQ® = P, Q41 = (QY)!
We construct?{ of all bi-monomials ind variables of exactly ordec

dim. bi-monomials recursion relation

0 =1 =1

n Ui=1 =1
Ul =x V=0 x¥)=0 x¥3=x

2 2 1 1 1
lIfé—l{xxsay} Ui=X YWi=yx Wg=y
Tett={..} T

d+1 \1/d+1 {.2 vl 2w 20l

\Ifd+1 {.} Vg 205 Z(z05) 2(z¥]) 2z(z¥f)

Recursion correct for any reference elem@nte.g., prisms).
Note:recursion also works to compute arbitrary derivatives.



Nodal variables



Example Spaces

Orthonormal shape functions

Lagrange space Pre basis: Bg = MY, or M
Pre basis: Br = M

Functionals: Ap(U) = u(p) p € PL Bilinear form: ag(u,Vv) :/uv

R
Raviart-Thomas space

Pre basis: Br = (MK)? +xMK

Functionals:  Agp(u) := /u- nep foralléc EXandp € By(&)

ARpj(u) = Z{u -gp forallpeBc_i(R)andj=1,...,d

o

Raviart-Thomas space
Pre basis: Br = (MK)? + xMK

Functionals:  Ap(u) (p) -Negpy forallpe P}
Ap,j (W) (p)-g foralpePPandj=1,...,d

u
u



Example Spaces

Raviart-Thomas space
Pre basis: Br = (MK)? + xMK
Functionals:  Agp(u) := /u- nep foralléc ELandp € By(&)

ARpj(u) = Ru -gp forallpeBc_1(R)andj=1,...,d

Raviart-Thomas space
Pre basis: Br = (MK)? + xMK
Functionals:  Ap(u) (p) - ngp forallpe P!
Apj(U) (p) - § forallpe Pl andj =1,...,d

Definition of functionals require

¢ Definition of pointsets (on subentities)

e Quadrature rules (on subentities)
Everything can be implmented using recursive definitiorebérence
elements and subentity embeddings.

=Uu
=Uu



Construction of shape function set



Usage of high precision field type

1. Construction phase

EvaluateprebasisB for Ag = ()] (¢i))ij € RN=*Nr and computéds .
Note: Setting up thesparsematrix is only done once.

2. Evaluation phase

Evaluation ofprebasisB to computeBg = (Ar) ™' Br.

Note: For any basis this is always the same matrix-vector muitiion
(even for derivatives).

Note: If caching on quadrature points is used then this step isstisbup.

Usage of different field types:

We usehigh precision floating poirdrithmetics (alglib based on mpfr, gmp).
ComputeFieldused to setup matrix and during inversion/QR.
StorageFieldused for storing the matri®~T and during the evaluation
phase.

Note: Final Caching is done in standard double precision.



Construction of the global space

Idea oftwist free
Problem:twist in grid

SN BN

o o

Definition (Twist-free grids)
Grids are twist free when this does not happen (an even mahneital
definition is possible...)

@ Cartesian grids in any dimensiahare twist free

@® Simplex grids in any dimensiothcan be made twist free due to the
construction of the reference elements: use global numdper
verticies to sort verticiepn,, . . . , Pny iN SIMplexT, i.e.,n; < ni;1. Now
constructFt with Fr(px) = pn,-



Construction of the global space

Note:in all reference elements edges are oriented from low to inigéx,
similar for faces...

General caseSort verticies off as beforepp,, . .., pny With 0y < niy1.
Construct mapping from reference elemerit to itself takingpy, — P,
(simple).

User in fuctionals during basis construction, e.g,

Lagrange: Ap(u) = u(7(p)) p € P

RT :)\é,p(U) :/UOT'nép
e

Result:new set of basis function for each occuring "twist” in gridngl
number, can use caching).



Comparing different shape functions

Raviart-Thomas space
Functionals:  Agp(u) := /u ‘nep forallec ELandp € By(e)
e

ARpj(U) = /Ru-q p forallpeB_1(R)andj=1,...,

o

Raviart-Thomas space

Functionals: ~ Ap(u) :=u(p) -ngp forallpe pl
Apj(u) :=u(p) - § foralpe Plandj=1,...,d

L2-ONB: orthonormal basis for localP-projection.

L2-Lob:  Lagrange functions using Lobatto points for lockf-
projection.

P-Lob: Lobatto point set for the pointwise evaluation.

We also tested the equidistant point set but results areségisfactory.



Comparing different shape functions

Functional interpolation: comput DoFs using functionals
L2 projection: invert mass matrix to cmpute DoFs

Note:the same discrete function but conditioning of mass maiffgrés.
Interpolation error§ convergence)
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Comparing different shape functions

1.2 condition number

100000 —x
o
10000 *
1000 ) ¥
. S
- i
100} i
L cond. ONB(L2) —+—
cond. Lobatto-Points
10 cond. L2(Lobatto) -k

Conditioning of mass matrix(refinement)

1 2 3 4 5 6
polynomial degree (p)

Condition number
(28 triangles)

number of CG iterations

100000
coP -
—+— L20NB N
P-Lob e
¥ 12 Lob 3
10000 u
*
¥ ]
o +++ +
e
100

2 3 4 5 6 7 8 9
polynomial degree (p)

unpreconditioned CG steps
(233 tetrahedra)




Comparing different shape functions

functional interpolation error
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An experiment

Define Lagrange space throutyh projection:
L2 based Lagrange space, (e.g. on triangles)

Functionals: Aep(u) := /up: u(e) forallec EZandp € By(e)

Xep(u) := [up for all & € EX andp € By_»(&)

Arp(U) ::Zeup

for all p € Bx_3(R)

Test case-5Au + u = f (2d cube, 2d simplex)
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z Tz
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Lobatto Lobatto -
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/ & / »
// - x>
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100 100

I am still hoping we can find some hidden great property...
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To Do

¢ test more elements: Nedelec, hierarchic...

e use code generator: e.g., let Maple generates optimizesl cod
Example:
tex output Raviart-Thomas on 2D Simplex order 3 (note vezatred)

wo(a b) =

(a — 0.1800000000000000000000000000000000008286 + 0.63000000000000000000000000000000000082a —
0.560000000000000000000000000OOOOOOOOOEQQBZ7 —0.100000000000000000000000000000000000E82GH
0.19000000000000000000000000000000000082DG- 0.81000000000000000000000000000000000082D9 +
0.11900000000000000000000000000000000086DD — 0.5600000000000000000000000000000000003@5@)
v1(a,b) =

(—0.24248711305964282109384248781082213181a5 0.4156921938165305504465871219614093688664 +
0.3533383647440509678795990536671979628286 — 0.58196907134314277062522197074597311589ath —
0.945699740932607002265985702462206312824a8 + 0.116393814268628554125044394149194623838%° +
0.5819690713431427706252219707459731152935’;, 0.1732050807568877293527446341505872366345
0.346410161513775458705489268301174473B881- 0.2875204340564336307255560926899748128206(
0.540399851961489715580563258549832178E26B + 0. 107040739907756616739996183905062912E334 —
0.160041494619364261921936041955142606F086 — 0.138217654443996408023490218052168614880% +
0.1163938142686285541250443941491946238384° + 0.5819690713431427706252219707459731152256)
w2(a,b) =

(0.4919349550499537332100182071208807 71 FA&3— 0.2146625258399798108552806721982025186026 —
0.4561578674099570980674714284211803528288 + 0.187829710109982334498370588173427203%243 4+
0.187829710109982334498370588173427203F26% + 0.657403985384938170744297058606995213E288 —
0.15026376808798586759869647053874176382470 — 0.15026376808798586759869647053874176382470% —
0.250439613479976445997827450897902938&29#, —0.223606797749978969640917366873127623644P
0.134164078649987381784550420123876574E2641 0.263856021344975184176282492910290595F2R4—
0.134164078649987381784550420123876574E264 — 0.1448972049419863723273144537337867008360 —
0.71106961684493312345811722665654584282114 + 0. 13148079707698763414885941172139904263370 +

0.281744565164973501747555882260140805E861 -+ 0.720013888754932282243753921331470947626% —
N 1EN2R27AQNQ7AREQRTEOQRORATAE2Q7A1 7TARE242H2 N 1EN2RRT7TAQNQ70QEQRTEOQRORATAERQ7A1 7TARE4RS



