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Motivation

DG methods for numerical simulations of complex geological systems
Pros

High order convergence (depending on regularity)
Local conservation of physical quantities such as mass, momentum, and energy
Nonmatching grids, hp-adaptivity
Efficient use of memory hierarchy due to dense blocks

Cons
Large number of degrees of freedom
ill-conditioning and denser global matrix with increasing approximation order

Abbildung : CG vs DG (dofs for piecewise linear)
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Motivation
Challenge: Develop efficients implementation with DG on a sustainable framework.

Dune-Fem-PhaseFlow

Dune-Fem

Dune-Grid Dune-localfunctions Dune-Istl

Dune-Common

Built on top of Dune-Fem
user-friendly implementation,
profit from many features,

DG discretization spaces,
efficient solvers and grids,
support for parallelization
and adaptivity.
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Model formulation
Domain Ω ∈Rd, d ∈ {1,2,3}.

Phases={w,n}
both phases incompressible,
no dissolution.

Model might include gravity,
consider media heterogeneities.

sn-pw formulation
Two coupled equations for pw; sn :

−∇· [(λw +λn)K∇pw +λnK∇pc − (ρwλw +ρnλn)Kg]= qw +qn,

φ
∂sn
∂t

−∇· [λnK(∇pw −ρng)]−∇· [λnK∇pc]= qn.
(1)

Here φ is the porosity, K is the permeability and qw, qn are source/sink term.

Non linearities
Capillary pressure pc = pc(sn),
Phases mobilities λw =λw(sn)= krw(sn)

µw
, λn =λn(sn)= krn(sn)

µn

where µα is the viscosity and krα is the relative permeability of phase α= {w,n}.



For the simulation of infiltration and remediation problems two additional difficulties can be mentioned.



Degenerate parabolic problems. Infiltration and remediation problems are often simulated on a smaller scale, e. g. the VEGAS.



In these cases capillary pressure is important, which adds a degenerate diffusion term to the saturation equation. 



Numerical methods must be able to accurately follow the resulting free boundary.
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Boundary conditions & initial values

Boundary divided into disjoint open sets ∂Ω=Γp
wDir ∪Γs

nDir
∪ΓαNeum

.

Boundary & initial conditions

pc(x,0)= pcDir (0) or sn(x,0)= s0
n(x), pw(x,0)= p0

w(x) ∀x ∈Ω, (2)

pc(x, t)= pcDir (x, t) or sn(x, t)= snDir (x, t) ∀x ∈Γs
nDir

, (3)

pw(x, t)= pwDir (x, t) ∀x ∈Γp
wDir , (4)

ραuα ·n= Jα(x, t) and Jt =
∑

α∈{w,n}
Jα ∀x ∈ΓαNeum

. (5)

Here n the outward normal to ∂Ω and Jα, α ∈ {w,n} is the inflow.
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DG Finite element space
Domain Ω is subdivided into a partition Th = {E} consisting of Nh elements.

DG Finite element space
The discontinuous finite element space is:
Dr(Th)= {v ∈ L2(Ω) : v|E ∈Pr(E) ∀E ∈Th}, with Pr(E) the space of polynomial functions
of degree at most 1≤ r on E.

rp for the pressure, rs for the saturation.

1 // Legendre DG space
2 typedef Dune::Fem:: LegendreDiscontinuousGalerkinSpace <

FunctionSpaceType , GridPartType , POLORDER >
DiscreteFunctionSpaceType;

1 // Lagrange DG space
2 typedef Dune::Fem:: LagrangeDiscontinuousGalerkinSpace <

FunctionSpaceType , GridPartType , POLORDER >
DiscreteFunctionSpaceType;
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Jump & Weighted average operator

Different types of domain can meet closely and cause large jumps in permeability.

Abbildung : Two neigboring cells Abbildung : Average & Jump

Jump & Weighted average operators
The jump is: �p� = pE1nE1 +pE2nE2 . (6)

The weighted average: {p}ω =ωE1pE1 +ωE2pE2 . (7)

Here ωE1 = δ
E1
K

δ
E1
K +δE2

K

and ωE2 = δ
E2
K

δ
E1
K +δE2

K

with δ
E1
K = nT

e KE2 ne and δ
E2
K = nT

e KE1 ne, KE1 and KE2 are the

absolute permeabilities for E1 and E2.
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Phase conservation equation

The saturation equation is: φ∂sn
∂t −∇· (λnK(∇pw −ρng))−∇· (λnK∇pc)= qn.

Non wetting phase conservation
∫
Ω

φ

∆t
(si+1

n −si
n)z+ ∑

E∈Th

∫
E

(Kλi+1
n ∇pi+1

w +λi+1
n K∇pi+1

c −ρnλi+1
n Kg) ·∇z

− ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
λ
↑,i+1
n {K∇pi+1

w ·ne}ω�z�+ ∑
e∈Γh∪Γh

sD

∫
e
λ
↑,i+1
n {ρnKg) ·ne}ω�z�

− ∑
e∈Γh∪Γh

sD

∫
e
{λi+1

n K∇pi+1
c ·ne}ω�z�+ε ∑

e∈Γh∪Γh
sD

∫
e
{λi+1

n K∇z ·ne}ω�pi+1
c �

+ε ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
λ
↑,i+1
n {K∇z ·ne}ω�pi+1

w �+ ∑
e∈Γh∪Γh

sD

γs
e

∫
e
�pi+1

c ��z�

=
∫
Ω

qnz− ∑
e∈ΓnN

∫
e

Ji+1
n z+ε ∑

e∈Γh
sD

∪Γh
pD

∫
e
λi+1

n K∇z ·nepD

+ε ∑
e∈Γh

sD

∫
e
λi+1

n K∇z ·nepc(sD)+ ∑
e∈Γh

sD

γs
e

∫
e

pc(sD)z, ∀z ∈Drs (Th)

(8)

accumulation term
volume contribution

consistency term

symetry term stability term

rhs
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Upwinding of mobility:

λ
↑,i+1
n =

{
λi+1

n,E2
if −K(∇pw −∇pc −ρng) ·n≥ 0

λi+1
n,E1

else
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Different DG methods:
ε=


−1 SIPG

1 NIPG

0 IIPG
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Phase conservation equation
The saturation equation is: φ∂sn

∂t −∇· (λnK(∇pw −ρng))−∇· (λnK∇pc)= qn.

Non wetting phase conservation
∫
Ω

φ

∆t
(si+1

n −si
n)z+ ∑

E∈Th

∫
E

(Kλi+1
n ∇pi+1

w +λi+1
n K∇pi+1

c −ρnλi+1
n Kg) ·∇z

− ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
λ
↑,i+1
n {K∇pi+1

w ·ne}ω�z�+ ∑
e∈Γh∪Γh

sD

∫
e
λ
↑,i+1
n {ρnKg) ·ne}ω�z�

− ∑
e∈Γh∪Γh

sD

∫
e
{λi+1

n K∇pi+1
c ·ne}ω�z�+ε ∑

e∈Γh∪Γh
sD

∫
e
{λi+1

n K∇z ·ne}ω�pi+1
c �

+ε ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
λ
↑,i+1
n {K∇z ·ne}ω�pi+1

w �+ ∑
e∈Γh∪Γh

sD

γs
e

∫
e
�pi+1

c ��z�

=
∫
Ω

qnz− ∑
e∈ΓnN

∫
e

Ji+1
n z+ε ∑

e∈Γh
sD

∪Γh
pD

∫
e
λi+1

n K∇z ·nepD

+ε ∑
e∈Γh

sD

∫
e
λi+1

n K∇z ·nepc(sD)+ ∑
e∈Γh

sD

γs
e

∫
e

pc(sD)z, ∀z ∈Drs (Th)

(8)

accumulation term
volume contribution

consistency term

symetry term stability term

rhs

Choice of the penalty term is crucial:

γs
e =C(KE1 ,KE2 ,PeE1 ,PeE2)

p(p+d−1) | e |
min(|E1 |, |E2 |)

.
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Total fluid conservation equation
−∇· (λtK∇pw +λnK∇pc − (ρwλw +ρnλn)Kg)= qw +qn

Total fluid conservation
∑

E∈Th

∫
E

(λi+1
t K∇pi+1

w +λi+1
n K∇pi+1

c − (ρnλi+1
n +ρwλi+1

w )Kg) ·∇v

− ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
{λi+1

t K∇pi+1
w ·ne}ω�v�

− ∑
e∈Γh∪Γh

sD

∫
e
{λi+1

n K∇pi+1
c ·ne}ω�v�+ ∑

e∈Γh∪Γh
sD

∫
e
{(ρnλi+1

n +ρwλi+1
w )Kg) ·ne}ω�v�

+ε ∑
e∈Γh∪Γh

sD
∪Γh

pD

∫
e
{λi+1

t K∇v ·ne}ω�pi+1
w �

+ε ∑
e∈Γh∪Γh

sD

∫
e
{λi+1

n K∇v ·ne}ω�pi+1
c �+ ∑

e∈Γh∪Γh
pD

γ
p
e

∫
e
�pi+1

w ��v�

=
∫
Ω

(qi+1
w +qi+1

n )v− ∑
e∈ΓwN

∪ΓnN

∫
e

Ji+1
t v

+ε ∑
e∈Γh

sD
∪Γh

pD

∫
e
λi+1

t K∇v ·nepD +ε ∑
e∈Γh

sD

∫
e
λi+1

n K∇v ·nepc(sD)

+ ∑
e∈Γh

pD

γ
p
e

∫
e

pDv ∀v ∈Drp (Th)

(9)
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System of non-linear algebraic equations

System of non-linear algebraic equations
At each Newton step, we solve the coupled linear system:Jpp Jps

Jsp Jss

xp

xs

=
bp

bs



1 //! define Jacobian operator
2 typedef DifferentiableFlowOperator < LinearOperatorType ,

ModelType > FlowOperatorType;

1 //! define Newton Inverse Operator
2 typedef Dune::Fem:: NewtonInverseOperator < typename

BaseType :: LinearOperatorType ,
3 typename BaseType :: LinearInverseOperatorType >
4 NonLinearInverseOperatorType;
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Solve the linear systems

Implement solvers as “inverse” operators
DUNE-ISTL

BiCG-stab solver

1 //! define ISTL BiCG -stab operator
2 typedef Dune::Fem:: ISTLBICGSTABOp < DiscreteFunctionType

, LinearOperatorType > LinearInverseOperatorType;

GMRES solver (see class ISTLGMResOp in dune/fem/solver/istlsolver.hh )
PetSc

FGMRES
CGR

Exploiting (and preserving) these algebraic properties of each individual block facilitates
the development of robust preconditioners.

Jacobi
AMG
ILU-0
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EOC for a Benchmark problem
We consider a system of partial differential equations with known exact solution.

compute the EOC

Problem
Considering Ω= (0,1)2 and J = (0,T), find (p,s) such that

−∇· (λ(s)K∇p)= 0 in Ω×J (10)

φ
∂s
∂t

−∇· (−ε∇s+ f (s)λ(s)K∇p)= q in Ω×J (11)

with λ(s)= (0.5−0.2s)−1, ε= 0.01, f (s)= s, where q= 2πεsin(π(x1 +x2 −2t))

Boundary & Initial conditions

p(x,y, t)= 0.2
π

cos(π(x+y−2t))−0.5(x+y), s(x,y, t)= sin(π(x+y−2t)) ∀ (x,y, t) ∈ ∂Ω×J

p(x,y, t)= 0.2
π

cos(π(x+y−2t))−0.5(x+y), s(x,y, t)= sin(π(x+y−2t)) ∀ (x,y, t) ∈Ω
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EOC for a Benchmark problem

Pressure and Saturation are approximated by piecewise polynomials of order k,
k ∈ {1,2,3}
no upwinding, no slope limiting techniques
no H(div) reconstruction of total velocity.
Penalty parameter σ= 10 as in [ref MOzo].
Time step of 3.125e−4

The errors and convergence orders of DG are presented for pressure and saturation at
final time T = 0.2.

k ‖p−ph‖L2(Ω) EOC
1 3.11 10−3 1.70207
2 6.836 10−4 2.9021
3 6.46266e−05 3.853

Tabelle : L2 error and convergence orders of
DG method for pressure at T=0.2.

k ‖s−sh‖L2(Ω) EOC
1 3.32 10−2 2.04561
2 4.29 10−4 2.823
3 2.44 10−4 3.870

Tabelle : L2 error and convergence orders
of DG method for saturation at T = 0.2.
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Strongly heterogeneous porous media

2d Horizontal heterogeneous flow: Saturati-
on distribution after 550 days. Polynomials
of order k = 1 Domain permeability 1e-8
m2, lens permeability 1e-12 m2. Width=100m,
depth=100m.

Abbildung : 2d-Problem: Saturation distribution after 2650 s of injection with 0.075 kg/s of
DNAPL in a depht of 0.65 m Domain permeability 6e-11 m2. Lens permeability 7e-13 m2
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2d Horizontal heterogeneous flow: Saturati-
on distribution after 550 days. Polynomials
of order k = 1 Domain permeability 1e-8
m2, lens permeability 1e-12 m2. Width=100m,
depth=100m.
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Strongly heterogeneous porous media

Abbildung : 3d-Problem: Saturation distribution after 5000 s of injection with 0.25 kg/s of
DNAPL in a depht of 1m Domain permeability 6e-11 m2. Lenses permeabilities 7.15e-13 m2,
7.15e-14 m2.
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Thank you for your interest!
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