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TeT,

Institut fiir Numerische
und Angewandte
Mathematik

Patrick Henning and Mario Ohlberger The HMM and its implementation



Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Discrete macro-problem: find uy € Vy with

AH(UHa(DH):: z |T|]€(AS( RT UH )Dq)H:/qu)H V(DH GVH.

TeT,
Linear!
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The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Discrete macro-problem: find uy € Vy with
AH(UHa(DH):: z |T|][CAS(DRT(UH))D¢H:/](¢H V(DH GVH.
TeT, YT @

We obtain the following algebraic system:
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The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Discrete macro-problem: find uy € Vy with

AH(UHa(DH):: z |T|]€CAS(DRT(UH))D¢H:/Q](¢H V(DH GVH.

TeT,

We obtain the following algebraic system:
AH((Dl,(Dl) AH(cbl,d)N) (001 (f,q)l)LZ(Q)

An(Pn, D1) ... Au(Pn,On)/ \ay (f,Pn)2(@)
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Implementation Implementation in DUNE

Numerical examples

Discrete macro-problem: find uy € Vy with

AH(UHa(DH):: z |T|]€CA€(DRT(UH))D¢H:/qu)H V(DH GVH.

TeT,

We obtain the following algebraic system:
AH(Cbl,(Dl) AH(Cbl,q)N) at (f,q)l)LZ(Q)

An(Pn, D1) ... Au(On,dn)/ \aV (f,Pn)iz()
(with uy = 3; o ®;)
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The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Corresponding matrix assembler requires computation of entries:

An (0, ;) = ZT|T|][YEA£(DRT(<Di))~Dd>j.

We obtain the following algebraic system:
AH(q)l)q)l) AH((D]_,(DN) G]_ (f,q)l)LZ(Q)

AH (q)Nchl) AH(CDNy(DN) aN (f7¢N)L2(Q)
(with uy = Zi a; o))
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Goal: computation of

Au(@ @)= 3 ITI{ A% (ORr (0))- 09,
TET T
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Goal: computation of

Au(®,9)= T |T\]1A8 ORr (1)) - 0.
TET

Discrete cell-problem (for ®;): find Ry (®;) € @ +W,W(YT5) with

/SAS(DRT(CDi))- Ogh=0 V@ € Wn(Y2).
Y7
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Goal: computation of

Au(@ @)= 3 ITI{ A% (ORr (0))- 09,
Ty T

Discrete cell-problem (for ®;): find Ry (®;) € @ +Wh(YT5) with
/YSAE(DRT(CDi)) O =0 Ve Wn(YD).
3
Define fine-scale part Qr (g ) by:

R (9u)(x) = ®u(xr) +8Qr (Pu) ().
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation

Numerical examples

Goal: computation of
AH(¢‘,¢1):T€2%|T\][Y$8(um(¢,))-m¢j.
Discrete cell-problem (for ®;): find Ry (®;) € @ +Wh(Y$) with
/YSAE(DRT(CDi)) O =0 Ve Wn(YD).
3

Define fine-scale part Qr (g ) by:

X — X
Rr(®n)(x) = ¢H(XT)+5QT(¢H)(TT)-
Transform equation to O-centered unit cube Y = [—3, 3]V
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation

Numerical examples

Goal: computation of

Au(®,9)= T |T\][A8 ORr (1)) - 0.
TeTy

Discrete cell-problem (for ®;): find Ry (®;) € &; +Wj(Y2) with

[ A(OR(®)- Do =0 Ve ewn(YD).
XT+6Y
Define fine-scale part Qt (Py) by:

7(Pr)(x) = By (xr) +3Qr (P ) ("

o )
Transform equation to O-centered unit cube Y = [—%, %]N:
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation

Numerical examples

Goal: computation of
Au(®,9)= T |T\][A8 ORr (1)) - 0.
Ty
Discrete cell-problem (for ®;): find Ry (®;) € @ +Wh(Y$) with
[ A(OR(®)- Do =0 Ve ewn(YD).
XT+6Y
Define fine-scale part Qr (Py ) by:

Rr (®n)(x) = P (xr) +8Qr (P) (-

Transform equation to 0-centered unit cube Y = [—
Find Qr (®n) € Wh(Y) with

| Ar +8y) (0 @) + 0, @r (®4) (1)) - Lin(y) dy =0

VC[% 6 Wh (Y )- Institut fir Numerische
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general P
Implementation Implementation in DUNE [—
Numerical examples

., A*(xr 8y ) (0 ®u(xr) + L, Qr (P1)(y)) - Ogn(y) dy =0
V@ € Wh(Y).
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

| A%r +8y) (0 Ouxr) + 1, @ (04) (1)) - Dh(y) dy =0
V@ € Wh(Y).

= with wp, := Q7 (®y) and G := —A¥(xt + 8- ) Py (x7) we obtain a
standard elliptic problem:
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

| A%r +8y) (0 Ouxr) + 1, @ (04) (1)) - Dh(y) dy =0
V@ € Wh(Y).
= with wh := Q7 (P ) and G := —A¥(x1 + &) (%) we obtain a

standard elliptic problem:

/AjWh-D(pn:/G'D(ﬂ, V(PnEWh(Y).
Y Y
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Motivation: multiscale problems

The heterogeneous multiscale method ation in general
Implementation y on in DUNE

Numerical examples

| A%r +8y) (0 Ouxr) + 1, @ (04) (1)) - Dh(y) dy =0
V@ € Wh(Y).

= with wh := Q7 (P ) and G := —A¥(x1 + &) (%) we obtain a
standard elliptic problem:

/AjWh -, = / G-Up, Vgh € Wh(Y).
% %
Use standard tools of dune-fem to solve these cell problems!
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Motivation: multiscale problems

The heterogeneous multiscale method 3
Implementation Implementation in DUNE

Numerical examples

/AE s+ 0) (B Pu(xr) + 4 Or (©1)(v)) - Ogn(v) dy =0 Ve, € Wi(Y).
= with w, := Q1 (Py;) and G := —A*(x7 + &)l y(x1 ) we obtain a standard elliptic problem
[ A0)B06)- B0 8y = [ 60)-Dm(s) van € Wh(¥):

Usage of dune-fem tools to solve these cell problems:
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in ger |
Implementation Implementation in DUNE

Numerical examples

[ A +8)) (8 Pulxr) 40 s (90)(1) - D) dy =0 Ve, € Wa(¥).
= with w, := Q1 (Py;) and G := —A*(x7 + &)l y(x1 ) we obtain a standard elliptic problem

[ A0)B06)- B0 8y = [ 60)-Dm(s) van € Wh(¥):
Usage of dune-fem tools to solve these cell problems:

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;
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Motivation: multiscale problems

The heterogeneous multiscale method D entatio & e

Implementation
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Qr () and G :=

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

—A®(xr +6:)[] Dy (xr ) we obtain a standard elliptic problem

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;

// METHODS OFDIFFUSION CLASS!

GET THE DIFFUSIVE FLUX  A®(x,§) = flux
VOID DIFFUSIVE FLUX ( CONST DOMAINTYPE &X, CONST JACOBIANRANGETYPE &xXI, J ACOBIANRANGETYPE &FLUX ) CONST

{
}
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Motivation: multiscale problems

The heterogeneous multiscale method D — e
Implementation [—
Numerical examples

A (xr 40y ) (R Pu(xr )+ 0§ O (Pr)(v)) - Ogn(v) dy =0 V@, € Wn(Y).

Y

= with w, := Qr () and G :=

ﬁA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

—AF(xg + &) Py (xr ) we obtain a standard elliptic problem

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;

// METHODS OFDIFFUSION CLASS!

GET THE DIFFUSIVE FLUX  A®(x,§) = flux
VOID DIFFUSIVE FLUX ( CONST DOMAINTYPE &X, CONST JACOBIANRANGETYPE &xXI, J ACOBIANRANGETYPE &FLUX ) CONST

{
}

// FOR NONLINEAR DIFFUSION OPERATOR
GET THE DERIVATIVE OF THE DIFFUSIVE FLUX JA(x.&)direction = flux
VOID JACOBIANDIFFUSIVE FLUX ( CONST DOMAINTYPE &X, CONST JACOBIANRANGETYPE &XI,
CONST JACOBIANRANGETYPE &DIRECTION GRADIENT J ACOBIANRANGETYPE &FLUX ) CONST
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Motivation: multiscale problems

The heterogeneous multiscale method D entatio & e

Implementation ion i p—-
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Qr () and G :=

—A®(xr +6:)[] Dy (xr ) we obtain a standard elliptic problem

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;

// NON STANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRBL
TYPEDEF DISCRETEELLIPTIC OPERATOR DISCRETE FUNCTION DIFFUSION, REACTION > DISCRETE ELLIPTIC _OPERATOR
// -
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Motivation: multiscale problems

The heterogeneous multiscale method D entatio &

Implementation ion i p—-
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Qr () and G :=

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

—A®(xr +6:)[] Dy (xr ) we obtain a standard elliptic problem

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;

// NON STANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRBL

TYPEDEF DISCRETEELLIPTIC OPERATOR DISCRETE FUNCTION DIFFUSION, REACTION > DISCRETE ELLIPTIC _OPERATOR

// -
DISCRETE FUNCTION SPACE DISCRETEFUNCTIONSPACEH PERIODICGRID PART );

DIFFUSION A

DISCRETE ELLIPTIC _OPERATORDISCRETEELLIPTIC OP( DISCRETEFUNCTIONSPACE A ) ;

// -
DISCRETE_FUNCTION SOLUTION “ SOLUTION, DISCRETEFUNCTIONSPACE );

DISCRETE_FUNCTION RHY “ RIGHT HAND SIDE", DISCRETEFUNCTIONSPACE );

FEM_MTRIX STIFFNESS MATRIX “FEM STIFFNESS MATRIX, DISCRETEFUNCTIONSPACE DISCRETEFUNCTIONSPACE );

I NVERSEFEM_MTRIX BI CGSAB( STIFFNESS MATRIX 1E-8, 1 E-8, 20000, VERBOSE ) ;

I/ -
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Motivation: multiscale problems
The heterogeneous multiscale method D entatio &

Implementation ion i p—-
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Q1 (Py;) and G := —A*(x7 + &)l y(x1 ) we obtain a standard elliptic problem

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE

TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;

// NON STANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRBL

TYPEDEF DISCRETEELLIPTIC OPERATOR DISCRETE FUNCTION DIFFUSION, REACTION > DISCRETE ELLIPTIC _OPERATOR

// -
DISCRETE FUNCTION SPACE DISCRETEFUNCTIONSPACEH PERIODICGRID PART );

DIFFUSION A

DISCRETE ELLIPTIC _OPERATORDISCRETEELLIPTIC OP( DISCRETEFUNCTIONSPACE A ) ;

// -
DISCRETE_FUNCTION SOLUTION “ SOLUTION, DISCRETEFUNCTIONSPACE );

DISCRETE_FUNCTION RHY “ RIGHT HAND SIDE", DISCRETEFUNCTIONSPACE );

FEM_MTRIX STIFFNESS MATRIX “FEM STIFFNESS MATRIX, DISCRETEFUNCTIONSPACE DISCRETEFUNCTIONSPACE );

I NVERSEFEM_MTRIX BI CGSAB( STIFFNESS MATRIX 1E-8, 1 E-8, 20000, VERBOSE ) ;

I/ -
RHSASSEMBLERSSEMBLE< QUADORDER >( G RHY;

DISCRETEELLIPTIC OP. ASSEMBLEMATRIX STIFFNESS MATRIX );

BI CGSAB( RHS SOLUTION); Institut fiir Numerische
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The heterogeneous multiscale method D entatio &

Implementation ion i p—-
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Q1 (Py;) and G := —A*(x7 + &)l y(x1 ) we obtain a standard elliptic problem

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

USING NAMESPACEDUNE
TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE
TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION
TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;
TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;
// NON STANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRBL
TYPEDEF DISCRETEELLIPTIC OPERATOR DISCRETE FUNCTION DIFFUSION, REACTION > DISCRETE ELLIPTIC _OPERATOR
// -
DISCRETE FUNCTION SPACE DISCRETEFUNCTIONSPACEH PERIODICGRID PART );
DIFFUSION A
DISCRETE ELLIPTIC _OPERATORDISCRETEELLIPTIC OP( DISCRETEFUNCTIONSPACE A ) ;
// -
DISCRETE_FUNCTION SOLUTION “ SOLUTION, DISCRETEFUNCTIONSPACE );
DISCRETE_FUNCTION RHY “ RIGHT HAND SIDE", DISCRETEFUNCTIONSPACE );
FEM_MTRIX STIFFNESS MATRIX “FEM STIFFNESS MATRIX, DISCRETEFUNCTIONSPACE DISCRETEFUNCTIONSPACE );
1 NVERSEFEM_MTRIX BI CGSAB( STIFFNESS MATRIX 1E-8, 1 E-8, 20000, VERBOSE ) ;
I/ -
RHSASSEMBLERSSEMBLE< QUADORDER >( G RHY;
DISCRETEELLIPTIC OP. ASSEMBLEMATRIX STIFFNESS MATRIX );
BI CGSAB( RHS SOLUTION); Institut fiir Numerische
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Motivation: multiscale problems
The heterogeneous multiscale method D entatio &

Implementation ion i p—-
Numerical examples

/AE X7 40y ) (B Pu(xr)+0 O (D) (v)) - Ogn(y) dy =0 Vn € Wi(Y).

= with w, := Q1 (Py;) and G := —A*(x7 + &)l y(x1 ) we obtain a standard elliptic problem

ﬂA(V)DWn(V)-D%(v)dv:/YG(v)-D%(y) Y € Wh(Y).

Usage of dune-fem tools to solve these cell problems:

USING NAMESPACEDUNE
TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE
TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE P ERIODIC_GRID_PART, POLORDER >
DISCRETE_FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTION SPACE > DISCRETE_FUNCTION
TYPEDEF SPARSEROWATRIXOPERATOR DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGS Q@ DISCRETE_ FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;
TYPEDEF DIFFUSIONOPERATOR FUNCTIONSPACE > DIFFUSION;
// NON STANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRBL
TYPEDEF DISCRETEELLIPTIC OPERATOR DISCRETE FUNCTION DIFFUSION, REACTION > DISCRETE ELLIPTIC _OPERATOR
// -
DISCRETE FUNCTION SPACE DISCRETEFUNCTIONSPACEH PERIODICGRID PART );
DIFFUSION A
DISCRETE ELLIPTIC _OPERATORDISCRETEELLIPTIC OP( DISCRETEFUNCTIONSPACE A ) ;
// -
DISCRETE_FUNCTION SOLUTION “ SOLUTION, DISCRETEFUNCTIONSPACE );
DISCRETE_FUNCTION RHY “ RIGHT HAND SIDE", DISCRETEFUNCTIONSPACE );
FEM_MTRIX STIFFNESS MATRIX “FEM STIFFNESS MATRIX, DISCRETEFUNCTIONSPACE DISCRETEFUNCTIONSPACE );
1 NVERSEFEM_MTRIX BI CGSAB( STIFFNESS MATRIX 1E-8, 1 E-8, 20000, VERBOSE ) ;
I/ -
RHSASSEMBLERSSEMBLE< QUADORDER >( G RHY;
DISCRETEELLIPTIC OP. ASSEMBLEMATRIX STIFFNESS MATRIX );
BI CGSAB( RHS SOLUTION); Institut fiir Numerische

und Angewandte
Mathematik

Write solutions of cell problems (discrete functions) to file for later usage!
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Motivation: multiscale problems

The heterogeneous multiscale method plementation in general
Implementation Implementation in DUNE [—
Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(0
Au(Pn,®1) o Aa(Pn,Pn)/ \an (f,Pn)2(0
where
Au(®), ;) = |T\7[A€ ORr (#1)) - 0.
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in genera
Implementation Implementation in DUNE

Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Aq(Py,P1) ... Ay(P1,Pn) (o f1 (f,®1)2(e)
Aq(Pn,®1) .. Ag(Pn,Pn) an (f,Pn)2(e)
where
An(Pi, @) = z |T‘][EYAS(XT+6y)(m<¢|(XT)+7yQI(q)l)(y))'ﬂq)j(XT)dy-
TeTy 3
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ag(P1,®1) ... Ay(P1,Pn) ay (F,P1)12(q)
An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()
where
An(®i, ) = > |T\][EYAE(XT+5y)(U¢I(XT)+7yQ{(q’n)(y))ﬂq’J(XT)dy-
TeTy 3

Qr (i) were computed in pre-process
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ag(P1,®1) ... Ay(P1,Pn) ay (F,P1)12(q)
An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()
where
An(®i, ) = > |T\][EYAE(XT+5y)(U¢I(XT)+7yQ{(q’n)(y))ﬂq’J(XT)dy-
TeTy 3

Qr (P;) were computed in pre-process = algebraic macro-problem available.
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in general
Implementation Implementation in DUNE

Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ag(P1,®1) ... Ay(P1,Pn) ay (F,P1)12(q)
An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()
where
An(®i, ) = > |T\][EYAE(XT+5y)(U¢I(XT)+7yQ{(q’n)(y))ﬂq’J(XT)dy-
TeTy 3

Qr (P;) were computed in pre-process = algebraic macro-problem available.
= Again, usage of standard dune-fem tools to solve this problem!
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in ge i
Implementation Implementation in DUNE [—
Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Aq(Py,P1) ... Ay(P1,Pn) (o f1 (f,®1)2(e)
Aq(Pn,®1) .. Ag(Pn,Pn) an (f,Pn)2(e)
where
An(Pi, @) = z |T‘][EYAS(XT+6y)(m<¢|(XT)+7yQI(q)l)(y))'ﬂq)j(XT)dy-
TeTy 3

Qr (P;) were computed in pre-process = algebraic macro-problem available.
= Again, usage of standard dune-fem tools to solve this problem!

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTION SPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE GRID_PART, POLORDER >DISCRETE_ FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE_ FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE_FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR< FUNCTIONSPACE > DIFFUSION;
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in ge i
Implementation Implementation in DUNE [—
Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Aq(Py,P1) ... Ay(P1,Pn) (o f1 (f,®1)2(e)
Aq(Pn,®1) .. Ag(Pn,Pn) an (f,Pn)2(e)
where
An(Pi, @) = z |T‘][EYAS(XT+6y)(m<¢|(XT)+7yQI(q)l)(y))'ﬂq)j(XT)dy-
TeTy 3

Qr (P;) were computed in pre-process = algebraic macro-problem available.
= Again, usage of standard dune-fem tools to solve this problem! Only slight differences.

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTION SPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE GrID_PART, POLORDER >DISCRETE_ FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE_ FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE_FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR< FUNCTIONSPACE > DIFFUSION;
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in ge i
Implementation Implementation in DUNE [—
Numerical examples

Cell problems (saved in file):
A5Gt +-87) (0.1 () 5,01 (9)()- D) ey =0.

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Aq(Py,P1) ... Ay(P1,Pn) (o f1 (f,®1)2(e)
Aq(Pn,®1) .. Ag(Pn,Pn) an (f,Pn)2(e)
where
An(Pi, @) = z |T‘][EYAS(XT+6y)(m<¢|(XT)+7yQI(q)l)(y))'ﬂq)j(XT)dy-
TeTy 3

Qr (P;) were computed in pre-process = algebraic macro-problem available.
= Again, usage of standard dune-fem tools to solve this problem! Only slight differences.

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTION SPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTION SPACE GrID_PART, POLORDER >DISCRETE_ FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE_ FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE_FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSIONOPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PRWBL
TYPEDEF ELLIPTIC HMM@ERATOR< DISCRETE FUNCTION DIFFUSION > ELLIPTIC _HMM_@ERATOR Institut flr Numerische
= und Angewandte
Mathematik
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Motivation: multiscale problems

The heterogeneous multiscale method Implementation in ge i
Implementation Implementation in DUNE [—
Numerical examples

Cell problems (saved in file):
Ay(P b)) =3 m]{ A% (xr +8y) (L Py (xr ) + 1 Qs (@1)(v)) - e (xr ) dy.
TET 3

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()
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Motivation: multiscale problems
The heterogeneous multiscale method D &

Implementation ion i p—-
Numerical examples

Cell problems (saved in file):
(@)= 3 T At +8y) (G0 (x0)+ .0 () (1) 0 (x0) .
TET 3Y

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTIONSPACE GrID_PART, POLORDER >DISCRETE FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSION OPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PR@BL
TYPEDEF ELLIPTIC HMME@ERATOR< DISCRETE_FUNCTION DIFFUSION > ELLiPTIC _HMM_OERATOR

/1 -
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Motivation: multiscale problems
The heterogeneous multiscale method D &

Implementation ion i p—-
Numerical examples

Cell problems (saved in file):
(@)= 3 T At +8y) (G0 (x0)+ .0 () (1) 0 (x0) .
TET 3Y

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTIONSPACE GrID_PART, POLORDER >DISCRETE FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSION OPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PR@BL
TYPEDEF ELLIPTIC HMME@ERATOR< DISCRETE_FUNCTION DIFFUSION > ELLiPTIC _HMM_OERATOR

/1 -

DISCRETE_ FUNCTION SPACE DISCRETEFUNCTIONSPACH GR
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Motivation: multiscale problems
The heterogeneous multiscale method D &

Implementation ion i p—-
Numerical examples

Cell problems (saved in file):
(@)= 3 T At +8y) (G0 (x0)+ .0 () (1) 0 (x0) .
TET 3Y

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTIONSPACE GrID_PART, POLORDER >DISCRETE FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSION OPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PR@BL

TYPEDEF ELLIPTIC HMM@ERATOR< DISCRETE FUNCTION DIFFUSION > ELLIPTIC _HMM_@ERATOR

/ -
DISCRETE_ FUNCTION SPACE DISCRETEFUNCTIONSPACH GR
DIFFUSION A;
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Motivation: multiscale problems
The heterogeneous multiscale method Implementation in | &

Implementation Implementation in DUNE p—-
Numerical examples

Cell problems (saved in file):
(@)= 3 T At +8y) (G0 (x0)+ .0 () (1) 0 (x0) .
TET 3Y

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTIONSPACE GrID_PART, POLORDER >DISCRETE FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSION OPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PR®BL

TYPEDEF ELLIPTIC HMM@ERATOR< DISCRETE FUNCTION DIFFUSION > ELLIPTIC _HMM_GERATOR

I/ -
DISCRETE_ FUNCTION SPACE DISCRETEFUNCTIONSPACH GRIDPART );

DIFFUSION A;

ELLIPTIC _HMM_©ERATORELLIPTIC HMMOERATOK DISCRETEFUNCTIONSPACE A );
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The heterogeneous multiscale method Implementation in general &

Implementation Implementation in DUNE p—-
Numerical examples

Cell problems (saved in file):
(@)= 3 T At +8y) (G0 (x0)+ .0 () (1) 0 (x0) .
TET 3Y

Algebraic macro-problem: find a € RN, uy = 3; a; ®;, with

Ap(P1,®1) ... Ay(P1,Pn) ay (f,®1)2(e)

An(Pn, 1) o A(Pn,On)/ \an (f,Pn)i2()

USING NAMESPACEDUNE

TYPEDEF FUNCTIONSPACE < DOUBLE, DOUBLE, WORLDDIM , 1 >FUNCTIONSPACE

TYPEDEF LAGRANGBISCRETEFUNCTIONSPACE < FUNCTIONSPACE GrID_PART, POLORDER >DISCRETE FUNCTION SPACE
TYPEDEF ADAPTIVEDISCRETEFUNCTION < DISCRETE FUNCTIONSPACE > DISCRETE FUNCTION

TYPEDEF SPARSEROWATRIXOPERATOR< DISCRETE FUNCTION DISCRETE FUNCTION MATRIXTRAITS > FEM_MTRIX;
TYPEDEF OEMBICGSQO< DISCRETE FUNCTION FEM_MATRIX > | NVERSEFEM_MTRIX;

TYPEDEF DIFFUSION OPERATOR< FUNCTIONSPACE > DIFFUSION;

// NONSTANDARD DUNEFEM CLASS (DESCRIBES HOW TO ASSEMBLE THE STIFFNESS MATRIX FOR OUR PR@BL

TYPEDEF ELLIPTIC HMME@ERATOR< DISCRETE_FUNCTION DIFFUSION > ELLiPTIC _HMM_OERATOR

I/ -
DISCRETE_ FUNCTION SPACE DISCRETEFUNCTIONSPACH GRIDPART );

DIFFUSION A;

ELLIPTIC _HMM_©ERATORELLIPTIC HMMOERATOK DISCRETEFUNCTIONSPACE A );

// -
DISCRETE_FUNCTION SOLUTION “ SOLUTION, DISCRETEFUNCTIONSPACE );

DISCRETE_FUNCTION RHY “ RIGHT HAND SIDE”, DISCRETEFUNCTIONSPACE );

FEM_MTRIX STIFFNESS_MATRIX( “FEM STIFFNESS MATRIX, DISCRETEFUNCTIONSPACE DISCRETEFUNCTIONSPACE );

I NVERSEFEM_MTRIX BICGSAB( STIFFNESS_MATRIX 1 E-8, 1 E-8, 20000, VERBOSE );

I/ -

RHSASSEMBLERASSEMBLE QUADORDER >F , RHS); Institut fir Numerische
. und Angewandte

ELLIPTIC HMM©®ERATORASSEMBLEMATRIX( STIFFNESS_MATRIX ); Mathematik

BICGSAB( RHS SOLUTION );
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Motivation: multiscale problems

The heterogeneous multiscale method
Implementation
Numerical examples

Nonlinear elliptic problem

ion-diffusion problem

Numerical Experiment - Nonlinear elliptic problem:

Model Problem 1 (€ = 10~

—0-A%(-,0ug) =1 in [0,2]?,

AE is given by:

€ _ (0.14cos(2mL)?) - (&, + 2&3)
AP(x,&) = <(o.1o1-|-(0.1sir1(2TTx?2 ))'1(523-1‘ %E@)

uf =0 on 9[0,2]?.

Patrick Henning and Mario Ohlberger
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Motivation: multiscale problems

The heterogeneous multiscale method Nonlinear elliptic problem
Implementation ion-diffusion problem
Numerical examples

[ H ] h ] luww —ellizo) |
2.62.10° 1
8.06-10 7
5.62.10 2
2.34.1077
5471073
2.55.10~°
9.91-10~4

o o g N o o N

=
>
>
=
>
o=
>

Table: Error table. H = macro grid size, dh = micro grid size.

[ Hhn—=(E5 ] EoceEY) ]

2 12?)—=((272%27% | 17018

(2223 —23%2% | 17864

2% 2% —=(2%2% | 20941

(27%2% = (275,275 | 24645

Table: EOC table.
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Motivation: multiscale problems

The heterogeneous multiscale method Nonlinear elliptic problem
Implementation - 1-diffusion problem
Numerical examples

9
08
06
04
|02

Figure: Comparison of isolines: HMM approximation for (H,h) = (275,276)
and solution of highly resolved fine scale computation for € = 0.05.
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Motivation: multiscale problems

The heterogeneous multiscale method Nonlinear elliptic problem
Implementation Advection-diffusion problem
Numerical examples

Numerical Experiment - Advection diffusion, Adaptive algorithms:

Model Problem 2 (non-periodic setting

3 1
Orug — - (A% (x)Oug ) + Eba(x)DuE =0in [0, E] x R?,

u(0,-) =vp in R2

b is given by:
bE(x) 1= sin(2mL )sin(2m2 ) 43
" \cos(2m%t )cos(ZTIS )—32)°
A'is given by:
) log (4+25|n2(2nw)) 0
A*(x) :=
0 log (4 + 2cos? (2T[7|°g(|xsz‘+l) ))

¥ Numerische
wandte

v

Patrick Henning and Mario Ohlberger The HMM and its implementation




Motivation: multiscale problems

The heterogeneous multiscale method Nonlinear elliptic problem
Implementation Advection-diffusion problem
Numerical examples

Table: ||e Hr,_ezl(Rz) denotes the error and r]ﬂ " the estimated error. The
numbers in the first line refer to different uniform computations.
‘ Uniform comp. ‘ H ‘ ‘ el (I8 (®?) ‘ ' ‘
273 | 27%| 027411 | 0.91614
1 272 | 274 | 0.08612 | 0.64487
2 274|274 | 0.05191 | 0.32194
3 272 274 0.02726 0.18859
4 27° [ 27%| 0.01245 | 0.09268
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Motivation: multiscale problems

The heterogeneous multiscale method
Implementation
Numerical examples

N,rel

Table: ||e) |\[‘§'(R2) denotes the errorand n),;” the estimated error. The

numbers in the first line refer to different adaptive strategies, the numbers in
line 4 to different uniform computations (Table 3).

leN gy | W™ [ 8 | 8 ]

1 0.04518 0.21635 | 2 | 12.96% | 19.38%
2 0.02724 0.13866 0.07% | 42.4%
3 0.0243 0.13932 10.86% | 38.59%
4 0.02298 0.13679 15.7% | 32.87%
5

6

e

0.0123 0.08064 1.2% | 25.58%
0.01081 0.07942 13.17% | 18.32%

Al WWlW
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Motivation: multiscale problems

The heterogeneous multiscale method Nonline problem A
Implementation Advection-diffusion problem [—
Numerical examples

Figure: HMM approximation att = 0.5, determined by adaptive computation.
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Motivation: multiscale problems

The heterogeneous multiscale method Nonlinear elliptic problem o
Implementation Advection-diffusion problem St
Numerical examples

Thank you for your attention!
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